Hollow Fiber Reverse Osmosis Systems

Analysis and Design

A predictive model of hollow fiber reverse osmosis systems is developed
using the equivalent annulus assumption. The fraction of feed recovered @
depends on five parameters. Optimum values exist for the ratio of the inside
to outside fiber radius 7;/7, and for the outside fiber radius 7,. For dilute
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SCOPE

The development of hollow fiber reverse osmosis sys-
tems has occurred within the last 5 years. There appears
to be no predictive model available for determining the
design and operational characteristics of these interesting
membranes which are actually thick-walled cylinders that
range from about 50 to 200 microns in outside diameter.
The objectives of this study of hollow fiber units are to:

1. Develop a model of these systems from first princi-
ples for concurrent and countercurrent configurations;

2. Determine the relevant parameters which govern
their behavior;

3. Demonstrate how the results can be used to describe
the operating characteristics of such systems as a function

of operating pressure, feed flow rate, temperature, and
concentration;

4. Establish design criteria for wall thickness, outside
radius, fiber length, and number of fibers;

5. Determine if the predicted results are consonant with
available experimental and design data.

Previously reported work has dealt primarily with the
general development of the fibers and their application to
particular separations. The enormous surface area to vol-
ume ratio of hollow fiber systems makes them attractive
for desalination, biological separations, waste water treat-
ment, and a variety of other uses.

CONCLUSIONS AND SIGNIFICANCE

The distinguishing characteristic of hollow fiber systems
is the enormous surface area they provide per unit volume.
As a consequence concentration polarization is negligible,
an appreciable pressure drop occurs along the system,
and a large fraction of the feed can be removed in a
single pass,

The geometry of hollow fiber systems is complicated;
therefore, a simplified model is needed to make a mathe-
matical analysis feasible. The equivalent annulus or free
surface model is used in this work. Also, the use of a
rejection coefficient R to characterize membrane selectivity
is a major simplification which is reasonably satisfactory.
Comparison of the theory with experimental data indi-
cates that R varies only by about 29, over the range
0 = @ = 0.5. However, the product concentration is sensi-
tive even to small changes in R.

The present analysis shows that the membrane proper-
ties (A, R), the fluid properties (u), the operating proper-
ties (By, F,AP), and the geometrical design properties
(I, N, 15,75, ¢) can be combined into five dimensionless
parameters which completely determine the behavior of
both concurrent and countercurrent systems. Countercur-
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rent flow is found to be superior to concurrent operation.
In contrast 1o countercurrent flow, increasing the length
of a concurrent system may reduce its productivity.

When the feed is dilute and the ratio of the osmotic
pressure to hydrostatic pressure of the feed approaches
zero, B, ~ 0, the number of significant parameters is re-
duced from five to three and a closed form simple analyti-
cal expression for the fraction of feed recovered @(a, b, 1)
is obtained. For dilute solutions the difference between
the feed pressure and the outlet pressure AP, the flow rate
F, and the number of fibers N, arise in a single grouping
APN/F, which appears only in the parameter a, which is
of primary importance in determining system behavior.
The analytical expression for ®(a, b, 1) in dilute systems
is particularly useful in determining optimum values of
the geometrical factors such as outside fiber radius r,,
inside fiber radius r;, and fiber length l. Optimum values
of these design variables depend on the operating condi-
tions and can be determined by constraining the system
to constant surface area and volume in which case one
can fix only two of the four geometry variables [, N, 7,
and e. As the length ! of the system increases, the per-
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formance becomes particularly sensitive to choosing the
proper value of the outside fiber radius r,, or void frac-
tion e.

Experimental operating data of Cooke (1969) and em-
pirically determined values of the design variables are in
good agreement with the theory.

In the last few years the development of hollow fiber
membranes has attracted considerable attention for vari-
ous reverse osmosis applications. These heavy-walled, hol-
low cylindrical membranes are spun from semipermeable
polymeric material. The cylinders are called fibers because
of their extremely small diameter which ranges from 50
to 200 microns,

Usually, the U-shaped fibers are potted in an epoxy
resin tube sheet and are housed in a shell. Pressurized feed
solution flows over the fibers in the shell. The product
water permeates the fibers and flows inside them toward
the open ends which are exposed to atmospheric pressure.
This arrangement can be either concurrent or counter-
current.

The primary advantages of hollow fibers are that they
provide large membrane area per unit volume and they
are strong enough not to require the use of a support tube.
To increase the area to volume ratio, it is desirable to use
fibers with the smallest outside radius. However, it will
be shown in the present work that given the overall
surface area of the fibers and shell volume, there is an
optimum fiber radius which maximizes system produc-
tivity.

To date, very little work on hollow fibers has been
reported in the literature (Cooke, 1969; Mahon, 1966;
and Orofino, 1970). However, a considerable body of
literature does exist which deals with conventional reverse
osmosis systems, and this has been recently summarized
by Gill et al. (1971).

Reverse osmosis in hollow fibers differs from larger
diameter membranes in several ways:

1. Concentration polarization in hollow fibers is negligi-
ble because of the large surface area and small product
flux.

2. Pressure varies axially due to large friction losses and
product removal.

3. Up to 80% of feed is removed so concentration
builds up significantly.

4. Solution and product sides of hollow fibers are
coupled.

5. Hollow fiber geometry is complicated.

MATHEMATICAL FORMULATION

It is assumed that the fibers are arranged on an equi-
lateral triangular pitch. Because variations in concentra-
tion and pressure are small around the periphery of the
hexagonal boundary surrounding each fiber, this boundary
is replaced by an equivalent circular one having the same
area in the annulus between it and the outside fiber wall.
This approximation is the equivalent annulus or free sur-
face model which has been used successfully by Happel
(1959), by Sparrow and Loeffler (1959), and by Sparrow
et al. (1961) in solving related problems.

Figure 1 shows a typical fiber; the positive z direction
is from left to right and the positive radial direction is out-
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ward. The outside fiber radius 7, and the equivalent radius

7, are related by
( : )%
fo = 7,
e 1— < o

where ¢ is the porosity or void fraction of the fiber bundle.

Feed solution is in phase (1); the solid fiber is phase
(2); and the product side is phase (3). It is assumed that
steady laminar flow exists in the system; the fluid is New-
tonian and has constant physical properties; the angular
component of the velocity is zero and the system has
peripheral symmetry. The last assumption follows from
the free surface approximation. Axial mass diffusion and
free convection effects are neglected and the temperature
is assumed constant. The assumption of constant tempera-
ture is conservative.

Governing Differential Equations and Boundary Conditions
The equations for conservation of momentum and mass,
then, take the following form:

du; du; 1 aop
Uy—— + Oy = — — —
0z or p 0%
92u; 1 9 o
+v[ '+——-——r——’] (1)
0z2 r ar or
av; dv; 1 ap;
D BTN L i3
0z or p Or
%0, 3 1 9 ]
—_———(ry 2
+v[az2 or r ar( ) (2)
3111 1 0
—_— ——— (7 =0 3
=7 (ro) (3)
dc; dc; 1 9 dg
i — +0y—=D— —r— =123 (4)
az ar r or or

The boundary conditions are as follows:
Phase (1)

(0, 1) = t1m(0)h () (fully developed inlet

velocity profile) (5a)
(noslip) (5b)

{unknown permeation veloc-

ul(z, 1'0) =0

01(2, 15) = 01, ()

ity to be determined) (5¢)
FIBER WALL FREE SURFACE
S e O ]
'ZE,*_,___.‘&__/,(S_. V_U _.W,if,i 2’ 2
|
Ll o) T
i ]

Fig. 1. Coordinate system for a fiber in countercurrent flow.
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6u1

- (z,1e) =0 (noshearatr =r,) (5d)
r

v1(z, 1) =0 (no material flow across r = 7.)  (5e)

¢1(0,r) = ¢, (uniform inlet feed concentration) (6a)

601

o (z,7¢) =0 (symmetry atr =r,) (6b)

dc
D -a—: (z,10) = Roiw(z)e1(z,1,)  (continuity of

salt flux) (6c)
Phase (2)

v3(%,75) = v1w(z) (unknown permeation veloc-

ity) (7a)
Uy (z,7) =0 ri=r=r,, 0=z=1[ (no axial low
in fiber wall)  (7b)

Phase (3)
us(l,r) =0 (countercurrent flow) (8a)
u3(0,7r) =0 (concurrent flow) } 2

ug(z, 1) =0 (noslip) (8b)

T
‘D3(Z, fi) = _r_ Ulw(Z>
i

(unknown permeation

velocity) (8c)
Bug
- (2,0) =0 (symmetry at fiber axis) (8d)
Us(z, 0) =0 (8e)

The concentration c;, in phase 2, is not needed since R,
the rejection coefficient, is defined by

3w =¢3(z,1) = (1 — R)ew = (1 — R) ¢c1(z,70) (9)

and R is assumed to be an intrinsic property of the mem-
brane. The inlet velocity distribution on the shell side is
given by

h(f ) = ax [

12 r 1
In
2r,2 o 47,2

(=) | (0)

where a; is defined as

(10a)

1ot n Te 3 1t + 762 o2
2r.2 o 8 12 2 8

Note that it is not necessary to solve Equation (4) for
phase (3) since the product concentration coming out at
the fiber end exposed to the atmosphere can be calculated
if ¢34, and vy, are known.

The wall velocity v1,, can be represented by

Urw = '—A[plw_Paw— (Tflw_’f"Sw)] (11)

Assuming a linear relationship between the concentration
and the osmotic pressure and using the definition of R
from Equation (9), Equation (11) becomes

v (z) = — Alpiw — Paw — '1072— R cyy] (11a)

To compute vy, which is of prime interest, one needs to
compute Py, Paw, and Cru.

Calculation of prw. Since 1/7, is on the order 10* and
the Reynolds number in the shell is on the order unity,
only fully developed regions are important. For constant
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wall velocity one can solve Equations (1) to (3) by
using Berman’s (1953) approach. Here the solution of
Equations (1) to (3) is developed for variable wall
velocity by using a perturbation method which is valid
because Rey, =~ 10~¢. Since the flow is incompressible and
two dimensional, we define a stream function as

1 oy

= 12

“ r or (12)

vy = 1ok (13)
r 0z

The boundary conditions and differential equations sug-
gest the following form for the stream function:

oro2 #
P = {u1m(0)ro+-;—2{—707£ V10 (2) dz}fl(’:z)

:roulm(z) f](f, Z) (14)

where f; is an unknown function of z and r. The pressure
is elminated from Equations (1) and (2) by cross-differ-
entiation and equating mixed derivatives of pressure.
Then, by using Equations (12) through (14), u; and v,
can be expressed in terms of u;n(z) and f; and these
results are inserted into the result of combining Equations
(1) and (2). If one assumes that f; is a weak function of
z so that derivatives with respect to z can be neglected,
a fourth-order total differential equation for f; is cbtained.
The solution for f; can be obtained by using a perturba-
tion expansion in the wall Reynolds number as

f1(r) = fio(r) + fu1(r) Rew + f1a(r) Rey2 + - - - - (13)

By using Equation (15) and the total differential equa-
tion for f;, one gets, for fio, the following differential
equation and the boundary conditions

(AL} T oo

f’IO(ro) = flo(re) =90

r2— g2
flo(fo) == 2 (16a)
21
te "10(re) = f'r0(re)
which yields
fo= [ 4 12
07 Ters 8y
1 r2 In r2 4 ] (17)
2,2 {2ro o o 4r, «
where
1ot Te 3rt re2
= In— — 18
oz 4r,3 nr0 167,83 + 87, (18)

With this result and Equations (1), (2), (12) (13), and
(14) one gets

[ re? r
ul(r, Z) = o ulm(z) Jl 2:02 lnz —_ 4102 (1‘2 - 1'02) }(19)
2,2
01(r, 2) = ——2 b1y (2)
Te2 — 12
[r3_r_re2 rln_r__r +_a_2]
1613 87 27,2 21 o 4r, T
(20)
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o

" — > u1m(z) + 0(Rey) (21)
P2 G (Rew) (22)
or

and

21, 2
tm(2) = um(0) + ﬂ—rzfo v1w(z) dz  (23)

[

Equations (19) through (23) apply to both concurrent
and countercurrent flows.
Calculation of paw: For flow inside the fiber,

13

Y3 = [fz V1w (2)dz ]fg(f, z) countercurrent (24)

concurrent  (25)

wo= [ ewimd |n0na

which yield the following expressions for the velocity and
pressure fields inside the fiber.

ug (Z, T) =
4r, #
-— (r2 —12) ), U1 (z)dz countercurrent
75
(26)
4r, Z
(r2 —12) 0 v1»(2)dz  concurrent
v3(z, 1) = V10 (%)
21,1 7613
[ R ] Both countercurrent
12 rd
and concurrent 27
d -8
ars # Ugm (2) Both countercurrent
dz 7, "2
and concurrent (28)
where
ugm (z) =
T2 — 142
—_— [tim(z) — wm(1)] countercurrent
i
(29)
1e2 — 102
—_— [u1m(0) — t1m(2)] concurrent
T

i

Calculation of c1,: Equation (4) for i =1 will be
solved after it is shown that concentration polarization
is negligible. Since concentration polarization increases as
U1 increases and vy, is @ maximum at z = 0 (the driving
force is greatest there), Equation (4) is solved for i =1
and boundary conditions (6) under the most severe con-
ditions which are

1. Viw = Plw (0)
2. large values of z

The first condition makes Equation (6¢) a linear boundary
condition so that the problem can be solved by using an
orthogonal series expansion technique to give for large
distances from the inlet,

f: ruy(0, r)dr
= (30)

Te 1 r
C1p j; U1(0,7')7'9XP('5.£ m(r’)dr') dr
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where ¢ip is the bulk concentration in phase {1). Numer-
ical results indicate that for all practical values of Pey,
say Pe,, = 1071, concentration polarization is negligible.
That is,

Cilw

= 1.0 (31)
C1b

and therefore c; is essentially independent of r. Integrating

Equation (4) (for i = 1) with respect to r from r = r, to

r = r, and solving the resulting ordinary differential equa-

tion, one obtains

o1 Cw =[ t1m (0) ]“

Co Co Uym (2)

(32)
This simple equation is valid for both concurrent and
countercurrent Hows.

General Equation for Countercurrent Flow
Now define the following dimensionless quantities:

£ = [ 2Ap07, 16Apur,3 ]1/2 z_ (33a)
12 — 1,2 T o
2AAP r2
m(0) (re?2 — 16
o= t1m (0) (re To)‘ (33b)
[ Apayto 16Apr? ]1/2
o2 — 1o2 o
1
b= (33c)
a1T1',4
14—
8ro2(1e2 — 1,2)
tym (2)
Upp = —— (33d)
! ulm(O)
By = @,/AP (33e)

Substituting Equation (32) into Equation (1la), differ-
entiating the resulting equation with respect to z, and
using Equations (21), (23), (28), and (29), one gets

dzUlm a Bsz dUlm
d§2 UlmR+ 1 df

where @, the fraction of feed recovered, has been defined

—Um=Db(e—1) (34)

by ® = [un(0) — uyn(l)1/u1m(0). The appropriate
boundary conditions are '
Uim(0) =1 (35a)
dUym
d; (0) = — a(1 — ByR) (35b)

The last boundary condition is readily derived from Equa-
tions (11a) and (23).
General Equation for Concurrent Flow

Substituting Equation (32) into Equation (1la), differ-

entiating the resulting equation with respect to z, and
using Equations (21), (23), (28), and (29), one gets

d2Uyy, a BoR2  dUjp,
de? UmR+l  df ~Uim=—D (36)
Uim(0) =1 (37a)
AUy (0
d; (0)=—a[1—”‘°’AP) —BzR] (37b)

The last boundary condition is readily derived from Equa-
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tions (1la) and (23). ps(0) is the pressure inside the
fiber atz = 0.

Physical Meaning of Parameters
Clearly, @ is a function of five parameters in general
and this dependence can be expressed as

o = 1 et Ulm(fT) = q)[fT’ a, b’ BZ, R]

where ¢r stands for the total dimensionless length of the
system. Now it is important to relate the model parameters
to the physical parameters of hollow fiber systems. The
void fraction e ot the bundle is given by

T2 — To2 708

€= oy =1- oV (38a)

where S, the total surface area of all fibers, and V, the total
volume of the system, are given by

S = 2x 1,NI (38b)
1r1‘02Nl

V= (38c)
1—¢

Note that

©— asinhér + (1 — b) (1 — 2b) (1 — coshép) — b(1 — b)ép sinh ér

1—(1—@)-R
&_1-0-2 (42)
Co D

Equation (42) can be rearranged to give

In [ 1- bl @ ]
Co
R=1- ———ln[l e where ¢, = ¢3,(0) (43)
Equations (34) to (37) and Equation (42) govern the

productivity and product concentration for hollow fiber
countercurrent and concurrent flow arrangements.

Solutions for Dilute Systems, B, — 0

Countercurrent flow. Since the nonlinear term vanishes
when B; = 0, Equation (34), subject to boundary condi-
tions (35), is solved analytically and the expression for @
is

_ (1 —=Db) +asinhér — (1 — D) coshér

[}
1—b+ bcoshér

(44)

Concurrent flow. From Equations (36) and (37), the
fraction of feed recovered is found to be

(45)

1—Db-+ bceoshérp

F 1
u;m(O) = (;ﬁ) W (38d)

and one can write g, b, and ¢7 in more useful form as
( Au )'/2 ( 2AAPN7,3
a= ——— .

)agz [astg(e) + 16] %

7o F[.L
(38e¢)
b =16/[as* g(e) + 16] (38f)
Ap \% l
er=(22)" ot tmrg(o + 1610 L (3sg)

To

where a; and g(e) have been defined in the Notation.
Thus, it is possible to determine how the membrane prop-
erties (A, R), the fluid properties (u), the operating prop-
erties (Bg, I, AP) and the geometric design properties (ay,
LN, 7, ¢) affect the behavior of hollow fiber reverse
osmosis systems. Also note that once the surface area S
and volume V are fixed, only two of the four parameters
(I, N, r,, and ¢) are independent.

Calculation of Product Concentration
Other than @, the fraction of feed recovered, the most
important quanlity is the product concentration at the
outlet. To calculate this, first integrate Equation (3) with
respect to r to get
To€ d Uim

T2-e &
From Equations (9) and (32) one has

(39)

V1w

Csw = (1l —R)cyy = (1 — R)co[ulmm) ]R (40)

ulm(z)

and a material balance on a differential axial element in-
side the fiber gives

e(1— R)co u1m®(0) ] duym
a?(1 — ) R

d(samew) = (41)

Uim

Integration of Equation (41) yields
AIChE Journal (Vol. 19, No. 4)

Solutions for Concentrated Systems, By < 0

Analytical solutions could not be found for the non-
linear equations (34) and (36), and it was necessary to
solve them numerically. A fourth-order Runge-Kutta
scheme was used together with a simple iterative pro-
cedure that converged rapidly. For the countercurrent
system, a value of @ was assumed and the forward solution
was started. When either vy, = 0 or cszn = ¢, occurred,
the integration was terminated. Beyond the axial location
at which e3, = ¢, it is apparent that no further benefit
is derived by additional system length. ® obtained as a
result of the integration was compared with ® assumed.
If the two values did not agree, a new @ was taken as

[®o1d + Pearl

2
and the procedure was repeated.

DPnew =

RESULTS AND DISCUSSION

Maximum Possible Useful System Length, B; = 0

The maximum useful length is limited by either of the
following two restrictions®:

1. The wall velocity becomes zero at some length be-
yond which the system is unproductive.

2. The entire feed is removed as product at which point
Ulm = 0.

The dimensionless length at which either of these possibil-
ities occurs is the maximum useful length £nax. Simple
expressions for max can be obtained for the special case
Of Bg =0.

For countercurrent flow the condition for the wall
velocity to vanish is that a be less than unity and for B;
= 0, €max is

€max = sinh ! {

vea(lb+ (1 —b)?2 —a?(1 —2b)) }

(1-a?)(1-D)
UV1p—> 0 (46)
® This assumes no solute precipitation,
July, 1973 Page 827



The condition for the axial velocity Uy to vanish is that
a be greater than unity so that

Emax = coth~ g, Uyp—0 (47)
For concurrent flow, v1,, vanishes when
=b(1l — D) €max + (1 — b)2tanh épay, 01— 0
(48)

Here, a depends on b and £nax. Similarly, the necessary
condition for the axial velocity to vanish is

2b(1 —b)
sinh €max
+ b(l - b)‘fmax: Ulm'—) 0 (49)

In concnrrent systems, both the asymptotic value of @
and the length required to recover a desired fraction of
feed as prouuct are influenced considerably by b. Under
certain conditions, depending on a and b, ® exhibits a
maximum with increasing £7. Therefore, one does not
necessarily increase @ by increasing the length; clearly, in-
creasing {7 beyond the maximum is undesirable. The rea-
son for this may be adduced readily. In concurrent sys-
tems when one increases the length, the surface area in-
creases as does the pressure drop over the length L
Furthermore, in concurrent systems the entire product
flows along the increased length and p;3(0) must increase
and this decreases the wall velocity. Thus, ® may go
through a maximum with increasing ¢7. By contrast, in
countercurrent systems when one increases the length,
only the additional fluid retained in phase (3) flows
through the entire length and compared to increasing

a= [(1 -~ b)2 + b2] coth €max +

IG T T
0:2.25 1.50 b=0.2
0.9 A 2.0 — I 5
//r i I}
/ / / \
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e / , \
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Fig. 2. Fraction of feed removed & vs. dimensionless length param-
eter {7 for countercurrent flow, b — 0.2,

Page 828 July, 1973

0.9 ) "/___
%
. / //

o (o]
N o
\\
\\\\
~
\\
N
N
AN
N
\
©

FRACTION OF FEED RECOVERED, ¢
[e] o
(3] (2]
\
§
~ T~
~
~
\ \\ N
N\
N \\\
NN
\
\\
\
\
\
\
\
O\ (o]
~ ~N
al o

11/ s
/N
0.4 P / 2
// //y |_—1"05
0.3 N // pd —_—
T /// //’
A =
I / /// -
0.2 7/ Z -1 SOLID LINES, B2=0
/ /’ “ DASHEDLINES{Z < 0.1
// 4 7 =09
/
//’—/
0 0.2 04 06 o8 1.0 _ 1.2 1.4

DIMENSIONLESS LENGTH, &,

Fig. 3. Fraction of feed removed ® vs. dimensionless length param-
eter &7 for countercurrent flow, b = 0.8.

the surface area for recovery, this effect is small. There-
fore, ® does not go through a maximum in countercurrent
systems.

Comparison of Countercurrent and Concurrent Systems, 8; — 0

For small @ and b, countercurrent systems are only
marginally better than concurrent ones. However, as b is
increased keeping ¢ small, that is, less than unity, counter-
current units perform significantly better. At large g, the
effect of b is almost negligible and the countercurrent
system again is only marginally better than the con-
current system.

Numerical Solutions of Equations (34) and (36) for Concentrated
Systems, B3 < 0

Figures 2 through 6 present some results of the
numerical solution of Equations (34) and (36) for con-
centrated systems. Note that the asymptotic value of @
depends strongly on the parameters @ and b. Larger val-
ues of both a and b yield larger fractions of feed recov-
ered. However, the dependence of ® on a is stronger than
on b, as it is when B, = 0.

The dimensionless length parameter é7 required to ob-
tain a given value of ® depends on a, b, By, and R.
Obviously, with larger @ and b one requires less length
and with larger B; and R one requires more system length
to remove a desired fraction of feed. The effect of B, and
b is greatest when a is small. Also, the effect of having
By # 0 is most detrimental to length requirements when
R=1.

Larger values of R imply purer product and a larger
axial concentration build-up on the shell side. Since in-
creased concentration is accompanied by increased osmotic
pressure, the system productivity decreases as R increases.

AIChE Journal (Vol. 19, No. 4)



1.0 T T T
a:2.25 /z.o I.77¢:=I.50 bs0.2
0.9 / —20
P P S
' -7
0.8 £

/ v
/ /
/ /
/ /

oz

a® 7

4 / /

W / /
> 06 / ]

9 ) 7/ / 6¢=0.9
x / //

805 /’

i | / _—="Te:0s
BOA / / y. /*/ ]
4 y 2:0.75

2 / 1 el
= / /’ _
503 // ’L// | m—=4+—0=0.75
aq v / L~
4 ~
/ -
* /// 7/ //
0.2 Ay
I
v/ | _—05
0.1 N2
F SOLID LINES, B,=0
025 B,= 0.1
DASHED LINES{52’
| 1E31R"= 0.9
0 02 04 06 08B 1.0 1.2 1|4

DIMENSIONLESS LENGTH, e'r

Fig. 4. Fraction of feed removed & vs. dimensioniess length param-
eter ¢y for concurrent flow, b = 0.2,

1
o=2.25/ 1.5 b=(‘)8
0.9
/ //—_ T 5
7
Ve
0.8 //
1 —
- /1/ / B
a 27 / 0.9
w /
= /
> 06 /
Q / / C\\ \
& //’ / / =~L PN
9 75 -
S 0.5 t / o] 0.75
b N |
y - ~0.75
"ol' 0.4 ¥ ¥/ //
z / I///
o ! Vs I
- / / ~—
[
r y -~ ~~L
< ~~05
0.2 /-
0.1 0=0.25
- — SOLID LINES, B,= 0
B,=0.1
DASHED LINES, 3 g2
L [ R=0.9
o] 0.4 0.8 1.2 1.6 20 2.4 2.8

DIMENSIONLESS LENGTH, &,

Fig. 5. Fraction of feed removed ® vs. dimensionless length param-
eter &7 for concurrent flow b = 0.8.
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Effect of Feed Concentration

As the feed concentration increases so does its osmotic
pressure and therefore B, increases for a given hydrostatic
feed pressure. The effect of this increase in the osmotic
pressure is illustrated in Figure 7 for both countercurrent
and concurrent systems. The conditions were chosen so
that a comparison could be made with Cooke’s data
(1969). Also included in Figure 7 is the effect of increas-
ing a which, for a given piece of apparatus and feed
viscosity, corresponds to changing AP/F. Clearly, in-
creasing the feed pressure or decreasing the feed flow
rate has a much more profound effect on productivity than
does changing the feed composition by a corresponding
factor.

Use of a Rejection Coefficient to Characterize Membrane
Selectivity

The most extensive data reported by Cooke were the
results for product concentration versus fraction of feed
removed. These data enable us to examine the utility of
the concept of a rejection coefficient R to characterize the
selectivity of the fibers. That is, if R is reasonably con-
stant over a sufficiently broad range of values of @, then
the notion of a rejection coefficient is useful.

From Cooke’s data (1969), Equation (43) yields the
results in Table 1.

R remains constant within 29 up to 50% feed removal
and varies only by about 6% up to ® = 0.7. Thus, it
seems that the use of a constant rejection coefficient is

1.0 .
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Fig. 6. Fraction of feed removed ® vs. dimensionless length param-
eter ¢7 for countercurrent flow.
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Tasre 1. REJECTION COEFFICIENT AS A FUNCTION
oF ¢ FroM CoOOKE’s DAata

¢ cplco R
0 0.08 0.92
0.3 0.09 0.92
0.5 0.12 0.90
0.7 0.18 0.86
0.9 0.45 0.78

reasonable. It should be noted, however, that the pre-
dicted value of cp/c, as a function of ® is very sensitive
to R at larger values of ®.

Equation (43) demonstrates another important con-
sideration; that is, with any real membrane, such that
R <1, an increase in system productivity is invariably
accompanied by an increase in overall product concentra-
tion ¢p.

Design Considerations

From the viewpoint of system design, one wishes to
know how system productivity will vary as a function of
the geometric factors over which the design engineer has
control. That is, how do the outside radius r,, the radius
ratio a, = r;/r,, the void fraction ¢, the number of fibers
N, and the fiber length [ affect system performance? Do
optimum values exist for these parameters? Is the produc-
tivity of the system sensitive to the values of these param-
eters? Since we have established that countercurrent is
superior to concurrent operation, only countercurrent sys-
tems will be considered in answering these questions.

Equation (44) is a remarkably simple result which can
be used to obtain considerable information regarding
system design. Let us consider the relationship between
@ and a». Equations (38a) to (38g) show that to study
the effect of changing a, we must fix ¢,

( Ap )V’ l ( Ap )Vz 27APNr,?
— and ————,
uF

To
Typical results of doing this are shown in Figure 8. The
values of a=10.88, b =087, ¢ =0.5 correspond with
Cooke’s conditions for ® = 0.5; the value of B, = 0 was
chosen because it is simple and quite close to the By =
0.025 in Cooke’s experiment. Figure 8 is convenient to
demonstrate the effects of the membrane constant A, the
length of the system [, the feed pressure AP, the feed flow
rate F, and the effect of decreasing the fiber wall thickness
o — 1; which corresponds to increasing as. It is seen that

o To
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the value of a4, at which the maximum fraction of feed is
removed varies with the operating conditions and the
membrane parameter A, When I/1, and a4PN/F are
smaller, @, is attained at smaller a; which implies
smaller inside fiber radii »; and thicker fiber walls. The
operating conditions reported by Cooke for ® = 0.5 cor-
respond to Q; = 0.044 and Q, = 2.1. Clearly, this result
and our predictions are in good agreement; note however
that an increase in ® of 10% could be obtained with
thinner walled fibers in this case. Note also that the pro-
ductivity falls off rapidly under the conditions used by
Cooke as wall thickness increases. Increasing the ratio of
the feed pressure to feed flow rale increases system per-
formance more than an increase in system length does.

A question of central importance is how one chooses
I, N, r,, and e to maximize productivity. To do this it is
appropriate to hold the fiber surface area and the system
volume constant. Thus, if one chooses either ¢ or r, the
other is fixed by Equation (38a); the choice of either N
or [ fixes the other by Equation (38b).

To determine the proper values of these design param-
eters, we use Equation (44). The results for an apparatus
with the surface area and volume reported by Cooke are
shown in Figures 9 and 10. The theory predicts that the
improvement in @ gained by increasing the number of
fibers diminishes as N gets large. For example, with
¢ = 0.5, ® increases from 0.45 to 0.52 when N increases
from 20 to 30 million; however, increasing N to 40 million
only increases @ to 0.555.

Figure 10 shows that the fraction of feed removed is
much less sensitive to 7, or ¢ when shorter length fibers
are used because this implies lower pressure drops
throughout the system. It also shows that the value of
7o = 22.5 microns for I = 198 cm, which was used for
Cooke’s experiments, is quite close to the best predicted
value for his operating conditions. If the operating condi-
tions are changed, say by changing the feed flow rate or
pressure, the best value of r, or ¢ will shift. However,
Equation (44) can be used to carry out an optimization
study of the best values of the geometrical parameters for
a given range of operating conditions. To maximize ®
one would use a very short system length to reduce the
pressure drop. However, with short systems, a greater
fraction of the fiber area is wasted in making the end seals.
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NOTATION
a = defined by Equation (33b) or (38e)
as = 1/1,
A = membrane constant, cm? sec/g
b = defined by Equation (33c) or (38f)
Bz = ﬂ'o/AP
¢ = concentration on phase i, g mole/cm?
Co = inlet concentration, g mole/cm?
D = diffusivity, cm?/sec
fi = defined by Equations (14), (24) and (25)
F = feed rate, cm3/sec
—16(1 — €)2
& 2¢+ &2+ 21In (1 —¢)
h = defined by Equation (10)
l = length of fiber, cm
N = number of fibers
pi = pressure in phase i, g/cm sec?
P. = uyn(0)r,/D, Peclet number
P.. = AAPr,/D, wall Peclet number
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AP p1(0) — patm, g/cm sec?

_(

Ya AP
—Nr8
7o pF

©
1

Y
I

r = radial coordinate

13 = inside radius, em

To = outside radius, cm

fe = equivalent radius, cm

R = rejection parameter, defined by Equation (9)
Re = ulm(o) ol v

Re, = AAP 7o/ v

S = total surface area of all fibers, cm?
Ui == axial velocity in phase i, cm/sec
Ui = u/um(0)

v; = radial velocity in phase i, cm/sec
\4 = volume of shell, cm3

z = axial coordinate

Greek Letters

a1, ag = constants defined by Equations (10a) and (18)
respectively

€ = porosity, (1.2 — 1,2) /12

m = viscosity, gm/cm sec

p = density, gm/cm?®

v = kinematic viscosity cm?/sec

Wi = dimensional stream function defined by Equa-
tions (12), (13), (24) and (25)

) = dimensionless productivity, [tm(0) — tim(1)]/
Uy (0)

3 = defined by Equation (33a)

7, = feed osmotic pressure

Subscripts and Superseript

bulk mean

equivalent

i =1, 2, 3 denotes phase (see figure 1)
inlet condition

area averaged

product

wall condition

total Jength

zeroth order approximation
differentiation with respect to r

(L L (| A [ B

TOMNET IO o
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